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The Y-notation

We can write sums with the Y-notation:

N

Z ag = ap + apy+1 + apy42 + 0+ aGN—1 + AN
k=M

Y is the Greek letter “S” (pronounced as 'sigma’), which refers to
“Sum”.

k is called the index.

The index starts counting at M and stops counting at N.

If N < M then the sum is equal to 0 by definition.
The index is a dummy:
6 6

Zakzzap:a3+a4+a5+a6
k=3 p=3

n
n
m a; is the k-th term of the sum, and is a formula containing £.
n
n
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The Y-notation

12
YK =1"+22+3+42 457+ 6>+ 7°+ 8 +9° + 10° + 11* + 12
k=1
=14+449+16 + 25+ 36 + 49 + 64 + 81 + 100 + 121 + 144
= 650.
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Examples

4
] Z(—l)kk =
k=1
2
k
] JE—
2

UNIVERSITY OF TWENTE. Introduction to Mathematics and Modeling Lecture 6: Integrals

Arithmetic series

n(n+1)

The sum of the first n positive integers is equal to 5

m Define S,, as the sum of the first n positive integers:
Sp=142+---+(n—1)+n.
m with Y-notation:
n
Sn=>_k
k=1
m Write out the terms in S,, twice:

Sn=1 + 2 + -+ + (n—=1) + n
Sp=n + (n—1) + - + 2 + 1
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Rules

m Sum- and difference rule:

N N N N N N
> (ap+be) =) ar+ > by, and > (ap—bp) =) ar— > b
k=M =M k=M k=M =M k=M

m Constant multiple rule:
N N

S em=e S o

k=M k=M

m Constant value rule:
N
Y e=(N-M+1)ec
k=M

m Splitting rule:

N P N
Z ap = Z ar + Z ay.
k=M k=M k=P+1
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Example

m Define T}, as the sum of the first n odd integers:
Tn=14+34+---4+(2n-1).
m Notice that

Th+(2+4+---+2n)=1+2+3+---+(2n—-1)+2n

_ 2n(2n +1)

; =n@2n+1)=2n’+n

m Furthermore
n n
2+4+4---+2n=) 2k=2) k
k=1 k=1

n(n+1)
2

=2- =n(n+1) =n?+n.
m Therefore

T, = (2n® +x) — (n® + ) = n°.
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Example

The sum of the first n odd integers is equal to n’:

111
213
3195
417
519
6 |11

UNIVERSITY OF TWENTE. Introduction to Mathematics and Modeling Lecture 6: Integrals

Partitions

Az

I 9 I3 e I,

A
\
+ o

SR S

A partition of the interval [a, b] in n subintervals is a sequence
X0, T1, ..., T, constructed as follows:

(i) Az = b;“

(i) o = a+ kAz (k=0,1,...,n)

m Note that
9 = a, Zn = b, T — Tp—1 = Az,

m The number Az is called the mesh of the partition.
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Riemann sums

UNIVERSITY OF TWENTE. Introduction to Mathematics and Modeling Lecture 6: Integrals

Integrals as limits of Riemann sums

Approximate the area of the triangle with vertices (0,0), (1,0) and (1,1)
with a Riemann sum.

k 1
m Define the partition 2 = kAz = — with Az = —
n n

m The Riemann sum of f(z) =z is
Z T Ax = - —.
k=1 =1 "
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Integrals as limits of Riemann sums

0 1 0 1 0 1 0 1

] Evaluate the Riemann sum:

ZxkAx— k 1

kln n

m If we let n approach infinity then

lim Z T Ar =
1

n—oo
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Integrals as limits of Riemann sums

a=ToT122" " Tp—1Tk Tp—1Tn = b
]
Az

m For a positive function, a Riemann sum can be regarded as the
approximation of the surface area of the region R bounded by the
graph of f, the z axis, and the lines x = a and z = b.

The definite integral of f over the interval [a, b] is defined as

bf(x) dz = lim (ﬁ:f(l«k) -Ax)

k=1

m A definite integral can be regarded as the area of the region R.
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Laws of integration

m The variable in the integral is a dummy:

bf(x) dz = bf(u) du
J, 1@ de= |

m Linearity:

/abozf(fﬂ)‘f’ﬂg(l‘) dx:a/abf(m) dl‘+ﬂ/abg(:r) du

m Additivity:

[ @ da= ["f) azt [ 1@) aa

m Interchanging the upper and lower limit gives a minus sign:

/abf(x) dx:—/baf(:c)da:
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Constant functions

/abc dz = ¢(b—a)

Notice that the Riemann sum of any partition is

i b—a

ZCACBITL'CACE:CTL
k=1

= ¢(b— a).

n
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Laws of integration

bt-------Z br--------7
s(a+b)t----
at -7 T at--- R
a b ! a ? !

m Note that 162 — 14® = 2(b + a)(b — a) = Area(R).

m The regions T and R have the same area.
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Displacement and velocity

m Differentiate displacement to compute velocity:
v(t) = §'(¢)

m The displacement can be computed from the velocity by integrating:

= lim Z (g At—/ o(T) dT

n—o0

The integeral / ) d7 is a function s(t) whose derivative is v.
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Antiderivatives

We call a function F an antiderivative for f if F'(z) = f(z).

m Antiderivatives are not unique. If F' is an antiderivative for f, then so
is F(z) + C for any constant C:

2 (F(a)+ €) = F'(x) = f2).

Let (w0, yo0) be a point in the plane.
Then there is a unique antiderivative F

Yopr—==--
of f for which F(xy) = yo. F/\\/
|
I
a
0
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Example
5,/
4
3)
2) %
F:
3 1 & 4
m Let f(z) = e + 1, then F(z) = e + z is an antiderivative of f.

For arbitrary C' the function
Flz)=€"+z+ C

is also an antiderivative of f.

m There is only one antiderivative of f for which F'(0) = 4:

F(z)=¢€¢"4+z+3.

m The correct value for C' is found by solving the equation F.(0) = 4:
4=F(0=+0+C=1+C,

hence C' = 3.
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The inverse of differentation

The Fundamental Theorem of Calculus

Define the function

:ifo@)dt

then F is an antiderivative for f, in other words: F'(z) = f(x).
If F' is an antiderivative for f then

([ﬂﬂM:F@—F@.

b b
-NmMmLHM—ﬂ@:[ﬂ@}:F@).
m The function F / f(t) dt also satisfies F'(a) =0, so F'is the

unique antlderlvatlve of f for which F(a) = 0.
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The inverse of differentation

<—> | —
© i @ i
a :L :L‘<;>h b a x :L'Jlrh b
h h
® i @ i
a :L iL'I+}L b a ilL'ilL'+}L b

m Define F(x / f(t) dt, then

. Fx+h)—F(x) . 1 [=th
/ _
i) = i h o0 h Sy
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Integrals with e

The fundamental theorem of Calculus:

’ = F(b) — F(a) where F' =f.

a

[ sty da = F

In2
m / e’ dz =
0
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Integrals with sin and cos

The fundamental theorem of Calculus:

’ = F(b) — F(a) where F' =f.

a

[ sty da = F

/2
] / cos(z) dz =
0

2

l/ sin(z) do =

3
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Power functions

m Notice that for arbitrary real o we have
d a+l) __ fo"
P (117 > = (a+1)2“.

m Hence, if a # —1:

d (anH) = z%.

% a+1
n
1
The antiderivative of 2% is; —— 21 + C  if a # —1.
a—+1
=
1
The antiderivative of 27! = — is: In|z| + C. See lecture 5
T
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Integrals with powers of z

The fundamental theorem of Calculus:

’ = F(b) — F(a) where F' =f.

a

[ sty da = F

2
l/ 3 dz =
0
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Polynomials

1
I/ 222 — 22 +1dz =
0
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